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WEIERSTRASS FUNCTIONS WITH RANDOM PHASES

YANICK HEURTEAUX

ABsTRACT. Consider the function
“+oo
fo(z) =Y b "g(b"z + 0n),
n=0

where b > 1, 0 < o < 1, and ¢ is a non-constant 1-periodic Lipschitz func-
tion. The phases 0, are chosen independently with respect to the uniform
probability measure on [0,1]. We prove that with probability one, we can
choose a sequence of scales d; \, 0 such that for every interval I of length
|I| = &k, the oscillation of fy satisfies osc(fg,I) > C|I|*. Moreover, the in-
equality osc(fg,I) > C|I|®t¢ is almost surely true at every scale. When b
is a transcendental number, these results can be improved: the minoration
osc(fg, I) > C|I|* is true for every choice of the phases 0, and at every scale.

1. INTRODUCTION
The function
+oo
w(x) = Z b~ cos(2mb"x),
n=0
where b > 1 and a < 1, is probably one of the most famous continuous nowhere
differentiable functions. This function was introduced by Weierstrass. He proved
that w is nowhere differentiable for some of these values b and a. A few years later,
Hardy gave the proof for every b > 1 and every a < 1 (see [H]).
More generally, one can consider the function

+oo
(1.1) flx) = b (b )
n=0

where g is a 1-periodic Lipschitz function, 1 < b < 400 and 0 < o < 1. Such
a function will be called a Weierstrass function, and it is easy to prove that f is
of class C* (see, for example, [3]). Note that the regularity property of f is more
subtle when o = 1. In that case, f lies in the Zygmund class but is often not
Lipschitz.

A famous conjecture states that the Hausdorff dimension of the graph of f is
equal to 2 — « (this is the biggest value that one can hope for). There are many
papers that give general support to this conjecture (see, for example, [11], [10],
[6], [, [9], [14], [15]). Of course, one cannot expect this conjecture to be true in
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general. Suppose for instance that g is of the form g(z) = p(z) — b~ “p(bx) with ¢
a smooth function. Then f = ¢, and the graph has dimension 1. Thus, the genuine
question is whether the conjecture is true when g is not of the above form. In recent
work with Thierry Bousch, we proved the following result about the oscillations of
the function f, which supports the conjecture.

Theorem 1.1 ([2], [I]). Let g be a 1-periodic Lipschitz function, 1 < b < 400 and
0 < a < 1. Define f using formula (LI). There are only two possible mutually
exclusive cases:

(i) f is Lipschitz and || f'||co < bll“‘i/a”‘fl,

or
(ii) there exists a constant C > 0 such that for every interval I of length |I| <1,

(1.2) osc(.1) = sup(f) ~ inf () = C|1]"

Moreover, the set of functions g such that (i) is satisfied is a dense open subset of
the space of 1-periodic Lipschitz functions (equipped with its standard norm,).

The proof of this result is based on the following functional equation:

(1.3) f(x) = g(x) + b7 f(b),

which is satisfied by the Weierstrass function f. Let us also recall that conclusion
(C32) is often present in the literature about Weierstrass-type functions. In [I4],
sufficient conditions on g are given which ensure that (2] is satisfied. Assuming
some stronger properties on g, Kaplan et al. ([9]) prove a result similar to Theo-
rem [Tl about the behavior of f. Finally, in [7], Hu and Lau prove a conclusion
slightly different from (L2)) in the case where the Weierstrass-Mandelbrot function
associated with f is not identically equal to zero.

It is well known that conclusion ([CZ) ensures that the box-counting dimension
of the graph of f is greater than 2 — « (see, for example, [3]). On the other hand,
McMullen shows in [I2] that there are self-affine functions of class C* satisfying
(C2) but whose graphs have Hausdorff dimension strictly less than 2 — « (see also
[14]). These functions are not Weierstrass-type functions and do not refute the
conjecture.

The purpose of this paper is to study the local oscillation behavior of Weierstrass
functions with phases. Such a function will be defined by the formula

—+oo
(1.4) fo(z) = b7 g(b"z + 0,) ,

n=0
where g is a 1-periodic Lipschitz function, 1 < b < 400, 0 < a < 1 and 0 = (0,,)n>0
is a sequence of phases satisfying 0,, € [0, 1]. It is easy to check that the function fy
is still Holder continuous on R with exponent « (see, for example, [3] or [§]). More
precisely, one can prove that the Holder constant C of fy satisfies

lg'llo , _0sclg)
C< L—ba—l T e
where osc(g) = supg(g) — infr(g) is the global oscillation of the function g. In
particular, this constant does not depend on 6.
When b is an integer, the function fy is 1-periodic. In the other cases we can
only ensure that fp is almost periodic (as a uniform limit of a sequence of almost
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FIGURE 1. Graph of fy(z) with g(z) = dist (z,Z), b=2.1 and « = 0.5

periodic functions). More precisely, we can establish the following property, which
states that the almost periodicity property does not depend on the sequence of
phases 6. Such a property will be useful in the proof of the main theorem (see

Lemma [42]).

Proposition 1.2 (Equi almost periodicity). The family of functions (fo)scqo, 1)
satisfies the following property:

Ve >0, 3>0; VO €[0,1]N, VS €R, 3a €[6,0+0); |[Tafo — folloo <€
(Tafo is defined by 7, fo(x) = fo(x +a)).

Proof. This proposition is a consequence of the compactness of the set [0, 1]V. Let
e > 0and 6 € [0,1]N. We know that the function fp is almost periodic. So,
we can find £y > 0 such that for all § € R, there exists ap € [J,0 + €p) with
| 7ag fo — follo < €/3. The application 8 € [0,1]N — fy € Cy(R) being continuous
(when the set Cp(R) of bounded continuous functions is endowed with the norm
| lloo), we can find 6%, ... 6™ € [0,1]" such that the set {fy} is covered by the balls
B(fgr,e/3). Let £ = max(lg1,...,Lgn). If 6 € R and if fy € B(fgr,e/3), we obtain
1 7a s fo — folloo < €. The conclusion follows if we note that agr € [0,9 + ). O

As we can see in Figure[l, the function fy seems to be irregular, and we would
like to know if a minoration similar to (IZ) is true for Weierstrass functions with
phases. In the general case, such a minoration seems to be difficult to obtain for
each value of the sequence 0 = (6,,),>0. That is the reason why we propose to
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consider the phases 6,, as independent random variables uniformly distributed in
[0,1]. In other words, the set of phases Q = [0, 1]" is endowed with the probability
measure P = dx®", where dz denotes the Lebesgue measure on [0, 1]. Recall that in
such a context, B. Hunt proved that when g(x) = cosz, the Hausdorff dimension of
the graph of the function fy is equal to 2 — o with probability one (see [8]). Using
a different method, Szulga recently proved a similar result for the Weierstrass-
Mandelbrot process ([16]).

If we want to write a functional equation for the function fy, we also have to
introduce the shift operator on Q:

(15) T : (Qn)nzo €N (9n+1)n20 0.
Then, the functional equation can be written as follows:
(1.6) fo(x) = g(z +6o) + b fro(bz) .

It is clear that the probability P is T-invariant. Moreover, the 0-1 law, which is
satisfied by the independent phases, states that the o-field By, = ﬂzozo T-"(By) is
constituted of events with trivial probability (By is the o-field of Borel sets on ).
Then, it is classical to conclude that the strong mixing property

VA,B € By, lim P[ANT "B] = P[A]P[B]

is satisfied by the T-invariant probability P (for elementary results on ergodic the-
ory, see for example [L3] or [19]). In particular, the probability P is ergodic: invari-
ant Borel sets have probability 0 or 1. This ergodicity will be the key point of the
proof of our main theorems (Theorems [B:1] and B-2).

Let us now briefly describe the main results of this paper. We first observe in
Section 2 that a conclusion like (i) in Theorem [l is not possible in the random
context. More precisely, when g is not constant, fy is almost surely not Lipschitz.
Then, we can state in Section 3 and prove in Section 4 minorations for the oscilla-
tions. More precisely, we prove that with probability one, the minoration

(1.7) osc(fo, I) > C|1|*¢

is true for every interval I, as soon as ¢ is not constant. Moreover, the stronger
inequality

(1.8) osc(fg, I) > C |I|*

is valid when |I| = 6,, where (d,), is a sequence of scales decreasing to zero. In
particular, the local Holder index of fy is almost surely everywhere equal to a.
In Section 5, we deal with the case where b is a transcendental number. In that
case, we are able to prove that the minoration ([.§) is true for every interval I and
for every choice of phases (0,,)n>0. In some sense, this means that randomness is
already present in the number b.

2. WHEN g IS NOT CONSTANT, fp IS NOT LIPSCHITZ

The first step of our investigation is to establish that fp cannot be regular (except
when g is constant). This is the aim of the following result.

Theorem 2.1. Let g : R — R be a 1-periodic Lipschitz function, 1 < b < 400 and
0 < a < 1. Define fo by formula (L), co = lg'lee " g let

- blf&_l’

A={0€Q; fois Lipschitz} and A. ={0 € Q; fo is co-Lipschitz} .
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Then,
P[A]=0o0r1l and P[A,]=00rl.
Moreover, the following are equivalent:
(i) P[A} =1;
(i) P[Ac] =1;
(iii) g is a constant function.

Remark 2.2. If g is not constant, Theorem [2.1] ensures that with probability one,
there exist  # y and v > 0 such that

o) ~ folw)] > LN e

In fact, the theorem also says that there is no more information once one shows
that fy is almost surely not Lipschitz. This remark will be useful when proving
Theorem Bl

lz -yl .

Proof of Theorem [2.1l Observing the functional equation [I.6]), it is clear that A is
T-invariant. The ergodicity of the shift 7' then ensures that P[A] = 0 or P[A] = 1.
More precisely, if A. = {0 € Q; fy is c-Lipschitz} and ¢(c) = b*"(c + ||¢]| ), it
is easy to check that

QEAC:>T9€A¢(C).

In other words,
(2.1) A, C Tﬁl(ALP(C)) .

In particular, if ¢ > ¢o, then ¢(c) < ¢ and A. C T1(A.). We cannot state that
A. = T7Y(A.), but we can however conclude that P[A.] = 0 or P[4.] = 1. This
well-known result is a consequence of the fact that an ergodic invariant probability
measure has no wandering set of positive measure. Let us propose an elementary
direct proof, in order to be self-contained. O

Lemma 2.3. Let B C ) be a Borel set such that B C T™'B. Then
PB]=0 or PB]=1.

Proof. Let C =Q\ B and D = limsup,,_,,, 7T~ "C. Observe that D is T-invariant,
and suppose that P[B] < 1. Then P[D] > 0 and, by ergodicity, P[D] = 1 (here, we
use the fact that PP is a finite measure). It follows that P[B] = P[B N D]. But, if
B CT !B, then BND=1(. SoP[B] =0. O

Proof of (i) = (ii). Suppose that P[A] = 1 and note that A = {J.>., Ac. So, we
can find some ¢ > ¢y such that P[A.] > 0. It follows that P[A.] = 1. Using (Z1))
and the T-invariance of the measure P, we obtain P[A (| = 1. Iterating this, we
get P[A n ()] = 1. Taking the limit when n — oo, we conclude that P[A.,] =1 (co
is the unique fixed point of the contraction ¢). O

Proof of (i) = (ii). Let x and y be two real numbers, and write

+oo
Jo(@) = foly) = Db~ (g(0"x + 6n) — g(b"y + ) -
n=0
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The random variables b~ "*(g(b"z+6,,) —g(b"y—+0,,)) are centered and independent
(here, we use the fact that g is 1-periodic). So, they are orthogonal in L?(P). If
p > 0, the Pythagorean theorem ensures that

+oo
E [(fo(z) — fo(y))?] S T6T2OR [(g(0"w + 0,) — g(b"y + 6,))?]
n=0

> b7 [(g(0Px + 6p) — g(BPy +6,))%]
Replacing « by b~Pz and y by b~Py and using (ii), we get

1
/ (g(z +1t) — gy +1))%dt < b*P>c2 |b*px — b*py|2 )
0

Taking the limit when p — oo, we obtain

1
| tata )= gty+ e =o.
0
This implies that g(z) = g(y). d

3. ON OSCILLATIONS OF fy

In this section, we state the main results concerning the local behavior of Weier-
strass functions with random phases.

Theorem 3.1. Let g : R — R be a 1-periodic non-constant Lipschitz function,
and let 1 < b < 400 and 0 < a < 1. Define fg by formula (I4). There exists
a constant C > 0 such that for almost every 0 € Q, we can choose a sequence of
scales 8 \, 0 such that, for every interval I of length |I| = dg,

osc(fg, 1) > C|I]”.

It seems curious that we have to restrict the conclusion to some sequence of
scales. In fact, it is easy to see that the more precise conclusion

(3.1)  3C >0 for almost every 6 € Q, VI with |I| <1, osc(fg, ) > C |[I|*

is false in general. Indeed, the set of § €  such that osc(fg,I) > C|I|” for all
intervals I of length |I| < 1 is clearly a closed subset of Q. So, conclusion (B
would imply the same property for every 6 € ). On the other hand, if b is an
integer and if g(z) = ¢(x) — b~ %p(bx), with ¢ a 1-periodic non-constant Lipschitz
function, then g is a 1-periodic non-constant Lipschitz function. Moreover, fy = ¢
with 8 = (0,0,---). So we can find some 6 € Q such that fy is regular. As we will
see in section[d] this phenomenon cannot occur when b is a transcendental number.
In view of this remark, it is reasonable to ask whether the weaker assertion

(3.2)  for almost every 0 € Q, 3C > 0; VI with |I| <1, osc(fg,I) > C|I|*

is true when g is non-constant. In fact, we do not know if [B2) is true for every
b > 1, but we can prove an analogue of ([3.2), replacing o by « + €. This is the
purpose of the following theorem.

Theorem 3.2. Let g : R — R be a 1-periodic non-constant Lipschitz function,
and let 1 < b < 400 and 0 < a < 1. Define fyg by formula (L4). For almost every
0 € Q, the following conclusion is true:

(3.3) Ve >0, 3C > 0; VI with |I] <1, osc(fg,I) > C |1]°**.
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Using Theorem and the fact that fy is a-Holder, we obtain the following
direct consequence about the local behavior of Weierstrass functions with phases.

Corollary 3.3. Suppose that g is not constant. The function fy is almost surely
nowhere differentiable. More precisely, for almost every 6 € Q, we have

In(osc(fg, 1))

- HzeR.
et 1o () a Jorallze

In particular, for almost every 6 € Q, the Holder index of fg is everywhere equal
to a.

4. PROOF OF THEOREMS 3.1 AND 3.2
We begin with the following elementary lemma.

Lemma 4.1 (Transfer lemma). Let z,y € R satisfy

[fro(y) = fro(@)] _ (L+0)]¢'llo
ly — | Tobie—1

for some v >0 .

Then
[fo(b~"y) — fo(b™ )| o (4007 )g oo
|b_1y _ b_1x| - pl—a _ 1 '

Proof. The above lemma is an easy consequence of the functional equation (LG)).
We have

Jo™ y) = fo(b™'m) = g(b™ 'y + 60) — g(b~ " + 60) + b~ (fre(y) — fro(z)).
Suppose that x, y and v satisfy the hypothesis of the lemma. Then
[fo(by) = fo(b~ )] pl-a \fro(y) = fro(@)| 9"y +60) —g(b~" + 60)|

vV

b=ty — b~ ta| ly — = b=ty — b~ ta|
1—a (1 +0)[lg"lloo /
N e Il (A C
(1 + 0"l [l
a1

Y

O

When we apply Lemma EI] we shrink the scale by a factor 1/b and obtain
a stronger estimate (the constant v is replaced by the bigger one vb!~%). Using
iterations of Lemma E.I] it is possible, from an estimate of the oscillation of an
iterate frng at a big scale, to get an estimate of the oscillation of fy at a small
scale. Of course, this final minoration will make sense if we are able to control the
distance |y — z| when we begin to use Lemma [l The following lemma is a step
in this direction.

Lemma 4.2. Let v > 0. If h,£ > 0, denote by My, the set of 8 € Q such that for
every closed interval I of length |I| = ¢, there exists x € I with x+ h € I and

olw -+ 1)~ fola)| > L e

Then there exist hg > 0 and £y > 1 such that
P [Mpg.0,] >0 .
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Proof. Let v > 0 and suppose that g is not constant (this is the only interesting
case). According to Theorem [Z1] the set

- blte—1
is such that P[M] = 1. We can then find hg > 0 such that the set Mp,, of 0 satisfying

(1+30)[l9ll
ple — 1

/
M—{aeﬂ; JzeR, In>0; |f9(x+h)—f9(x)|>m|h|}

(4.1) |fo(zo + ho) — fo(ze)| >

has positive probability. Let

|ho| for some zp € R

vl
e=ia 1 ol

According to Proposition [[2] we can find a real number ¢, > 0 (which can be
supposed greater than 1 and greater than 2hg) such that

VO e Q, V6 eR, Ja €10,0+4o/2); ||Tafo — folloo <€ .
Let I = [z,z + £y] be a closed interval of length ¢y. Suppose that 6 satisfies (1)
and take § = z — xyp. We can find a € [4,d + ¢/2) such that
7afo — follo < ¢
If 29 = a + xg, we have
2<Zg<Tog+ho<z+4.
Moreover,

{ |fo(Zo) — fo(za)| = |Tafo(we) — fo(wo)| < e,
|fo(Zo + ho) — fo(ze + ho)| = |Tafo(we + ho) — fo(xe + ho)| <,
and it follows that
|[fo(@o + o) = fo(Zo)|  |fo(xo +ho) = fo(wo)l =26 _ (1 +0)ll¢']loc
|hol - |hol = plre—1
We have just proved that My, C My, ¢, and we can conclude that
]P)[Mho,éo] > ]P)[Mho] >0.

O

We can now finish the proof of Theorem Bl Suppose that g is not constant and
let v > 0. According to Lemma 2, choose hg > 0 and £y > 1 such that

P[Mpg.e,] > 0.

Using the ergodicity of the probability measure P, we can claim that for almost
every 0 € Q, T™(0) € My, ¢, infinitely often (the set limsup,, .o T~ "(Mp,,¢,) is
T-invariant with positive probability).

Denote by E this set of full measure. If § € E, we can construct a sequence of
integers (ng)k>0 increasing to +oo such that

T™(0) € Mpye, forallk>0.

Let (Ek =lpb "k, If I is an interval of length |I| = ¢ and if I =01, we can find
x € I such that © + hg € I and

|[frmia(z + ho) — frmne(z)] > %

pl—a _ 1 |h0|
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Tterating Lemma E.T], we obtain

1 bnk(l—a) / o
[Folb™ (@ + ho)) — fol )| > LE NG e |

Take ,
o o9l ol
(bl —1)
This constant does not depend on 6§ and k and is such that

ni(l—a)|| 4/
osc(fo. 1) 2 | oo™z + ho) — fo(b*a)| = 2 W eo o = e

This completes the proof of Theorem [3.1] O

Let us now prove Theorem [3.21 As previously, we choose v > 0, hg > 0 and

fo > 1 such that
P[Mpy.e,] > 0.
We need more quantitative information about the sequence of iterates T"* satisfying
T (0) € Mp,.e,- This will be given by the ergodic theorem, which gives us the
asymptotic behavior of the frequency of the returns in My, ¢, (for a simple proof
of the ergodic theorem, see for example [4], page 98). More precisely, this theorem
states that almost surely,
B Z] 0 HMhO 2 0T/ m P[Mho,lo] .

In other words,

. ng (9) 1
42 1 =
(42) koo kP [Mng.to]

where 1 (0) is the k-th return in Mp,, 4, -

Denote by E the set of 0 satisfying ({.2), and let € > 0. If § € F, the sequence
ng(0)/ni—1(0) tends to 1 at infinity. So, we can find ko > 1 such that

nk(0) < oa+e .
ng—1(0) «a
For simplicity, write ny instead of nj(6) and let I be an interval of length |I]| <
Lob~™k0—-1, There exists k > kg such that
o™ < |I| < Lob™"E1

We can then choose an interval J C I with length |J| = £ob~™*. Using Lemma E.T]
as in the proof of Theorem Bl we get

almost surely,

(4.3) Vk > ko,

1 bnk(l ) / h /
oselfy. 1) > oselfy, 1) > LN e o > 20l e oo

The choice of kg ensures that

p=onn 7)ete

- £3+€
The conclusion follows for every interval I of length |I| < £ob~™*0-1 if we put

__vlholllg'llss
1)
Finally, replacing C' by min(C, C(£yb~"0-1)**¢) we have the conclusion for any
interval T of length |I| < 1. O
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Final remark on Theorem[32 With the method used in the proof of Theorem B.2]
we would have to know that ngi1(0) — nk(0) is almost surely bounded in order
to conclude that (B3]) is true when € = 0. Of course, this assertion is false: the
number of iterates between two consecutive returns in Mp, ¢, cannot be uniformly
bounded, and the ergodic theorem only ensures that ng1(6)/n,(6) tends to 1 with
probability one.

5. THE CASE WHERE b IS TRANSCENDENTAL

In the case where b is a transcendental number, we can improve the conclusion
of Theorems [3.1] and [3:2l This is the purpose of the following result.

Theorem 5.1. Let b > 1 be a transcendental number, 0 < a <1, andg : R - R
a 1-periodic non-constant Lipschitz function. Define fg by formula (L4). There
exists a constant C' > 0 such that for every 6 € Q and for every interval I of
length |I| <1,

osc(fg, I) > C|I]”.

Remark 5.2. In particular, the conclusion is true when 6 = (0,0, --). This seems
to be in contradiction with the possible case (i) in Theorem [l In fact, it means
that if f is almost periodic, Lipschitz and non-constant, and if b is a transcendental
number, then g(z) = f(z) — b~ f(bx) cannot be 1-periodic. An elementary proof
of this property can be obtained by Fourier analysis. For algebraic numbers, such
a construction is possible. For example, if b = /2 and if g(z) = cos(27wz) —
27%cos(4mz), we obtain

+o0o

flz) = Z b g(b"x) = cos(2mx) + 272 cos(2%/ %),

n=0

which is a regular function.

Proof of Theorem [l The proof of Theorem BTl is a consequence of the following
lemma, which replaces Lemma [£321 O

Lemma 5.3. In the notation of Lemma [.3, suppose that b is a transcendental
number. Then, for all v > 0, there exist hg > 0 and £y > 0 such that

Mh07g0 - Q .

Proof. Remember the notation in the proof of Lemma[£32] and let hy be a positive
number such that P[Mp,] > 0. Let ¢ # 0 and define the translation S : Q@ — Q by

(S6),, =6, +tb" (mod1) .

We know that in the compact group (R/Z)N (equipped with the Haar measure),
the translation by an element A = (A,)n>0 is ergodic if and only if the real
numbers 1, \g, -+, An, - - - are Q-independent (it suffices to note that invariant L?
functions f are exactly those whose Fourier coefficients satisfy f (no, -+ ,np) =
62”("0’\””'*"?)‘?)]?(710, .-+ ,myp) for every p > 0). When b is a transcendental num-
ber, we can then conclude that S is P-invariant and ergodic. On the other hand,
as an easy consequence of the relation fsg(x —t) = fo(x), we note that My, is
invariant under the translation S. It follows that P[Mp,] = 1. If ¢y is constructed
as in Lemmal[Z2 we get P[My, ¢,] = 1. In particular, My, ¢, is dense in 2. More-
over, if a sequence (6™),,>o of points of M}, ¢, converges to 6 € Q, we know that
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the sequence fyn converges uniformly to fy. Using the compactness of the intervals
I = [z, 2z + {o] of length £y, it is then easy to conclude that 6 € My, ¢,. Finally,
Mp, .0, is dense and closed in 2. This means that My, ¢, = . O

Remark 5.4. Let B = (b"),>0 with b a transcendental number. For every 6 € Q,

the projection of the curve (f + tB);cr in the infinite-dimensional torus (R/Z)N is

dense in (R/Z)N. If we can prove that My, # 0 for some hg > 0, we can conclude

that Mpy, is dense in Q and then obtain another proof of Lemma[53l In fact, it is

easy to construct 6 € Q and hg > 0 such that 8 € My,. Let ¢ € [0,1] be a point

where ¢ is minimal, and let yy > 0 be such that g(yo+xo) > g(zo). Let 8 = (xo, xo,
©, &g, -+ ). We have

+oo
fo0™"yo) = fo(0) = Db~ [g(b" Pyo + o) — (o))
n=0
> b P*[g(yo + o) — g(x0)]
/
> %|b*pyo| if p is sufficiently large,

and we can conclude that 0 € My, .

Let us now sketch the end of the proof of Theorem [5.1l The main argument is
the one used for the previous proofs. Let 6 € Q, and let I be an interval such that
Lob™F < |I| < Lob~ "1, An iteration of Lemma [5.3] gives

(1L + 00" =) g [loo 1, i vlhol 19 llss [ 12117
osc(fo, I) > osc(fg, J) > R — [b=Fho| > e o

where J C I has length £ob~*. We can choose C' = %.

6. ON FRACTAL DIMENSION OF THE GRAPH OF fy

Theorems [3:2] and [5-1] allow us to estimate the box-counting dimension and the
packing dimension of the graph of fy.

Theorem 6.1. Let g : R — R be a 1-periodic non-constant Lipschitz function,
and let 1 < b < 400 and 0 < a < 1. Define fg by formula (L4) and Ty(A) by

Lo(A) ={(z, fo(z)) , = € A}.
We have
(i) for every non-trivial compact interval I, A(Tg(I)) = 2 — o almost surely
and
(ii) for every non-trivial interval I, Dim (Tg((I)) = 2 — a almost surely,

where A(E) and Dim (E) are respectively the boz-counting dimension and the pack-
ing dimension of a set E.

Moreover, when b is a transcendental number, conclusions (i) and (ii) are valid
for every 6 € Q.

Statement (i) is well known if we have a minoration of the oscillations (see, for
example, [3]). The minoration of the packing dimension is probably less known (for
general information about the packing dimension, see [I8] or [I7]). We can state
the following elementary proposition.



3076 YANICK HEURTEAUX

Proposition 6.2. Let 0 <y <1, and let h : R — R be a function such that
osc(h,I) > C|I|" for all intervals I of length |I| <1 .
Then, for every interval I with nonempty interior,
Dim (T'(1)) > 2 — 1,
where I'(A) = {(z, h(x)) , x € A}.

Proof. We can suppose that I = [a, b] is a compact interval with a # b (the quantity
Dim is o-stable). Remember that if £ C R?, then

o0
Dim (E) = inf ¢ sup A(E;); E C U E; where the E; are closed sets
i=1
Suppose that I'([a, b]) C ;= E;. We can then find a sequence (F;) of closed subsets
of [a, b] with

oo
[a,b] = U F, and Vi>1, I'(F;)) CE; .
i=1
Baire’s property ensures that we can find ip such that the interior of Fj, is not
empty. It follows that A(E;) > A(T'(F;,)) > 2 — 7, and we can conclude that
Dim (I'([a, b])) > 2 — 7. 0
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